The familiar Greenberger-Horne-Zeilinger (GHZ) states can be rewritten by entangling the Bell states for two qubits with a state of the third qubit, which is dubbed entangled entanglement. We show that in this way we obtain all 8 independent GHZ states that form the simplex of entangled entanglement, the magic simplex. The construction procedure allows a generalization to higher dimensions both, in the degrees of freedom (considering qudits) as well as in the number of particles (considering n-partite states). Such bases of GHZ-type states exhibit a certain geometry that is relevant for experimental and quantum information theoretic applications. Furthermore, we study the geometry of these particular state spaces, the inherent symmetries, the cyclicity of the phase operations, and the regions of (genuine multi-partite) entanglement and the several classes of separability. We find non-trivial geometrical properties and a conceptually clear procedure to compare state spaces of different dimensions and number of particles.
II. PHYSICAL ASPECT AND MATHEMATICAL STRUCTURE
Let us consider the well-known GHZ state [23, 24 ]
where |R , |L denote the right and left handed circularly polarized photons. Interestingly, expression (1) can be re-expressed by decomposing (1) into linearly polarized states |H , |V and Bell states
where
|H ⊗ |V ± |V ⊗ |H represent the familiar maximally entangled Bell states. Recall that the linearly polarized states |H/V are related to the circularly polarized states via
(|H ± i|V ). The GHZ state as expressed in Eq. (2) obviously represents entangled entanglement. This feature has been verified experimentally by Zeilinger's group [25] who has performed a Bell-type experiment on three particles, where one part, Alice on line 1, projects onto the horizontally |H 1 or vertically |V 1 polarized state and the other part, Bob on lines 2 and 3, projects onto the maximally entangled states |φ What is the physical significance of it, in particular, in the light of an EPR reasoning? Let us start with an EPR-like discussion as in Ref. [25] . If Alice is measuring the linearly polarized state |H 1 then Bob will find the Bell state |φ − 23 for his two photons (see Fig. 1 (a) ). If she obtains a |V 1 state in her measurement then Bob will get the Bell state |ψ + 23 . This perfect correlation between the polarization state of one photon on Alice's side and the entangled state of the two photons on Bob's side implies, under the EPR premises of realism and no action at a distance, that the entangled state of the two photons must represent an element of reality. Whereas the individual photons of Bob, which have no well-defined property, do not correspond to such elements. For a realist this is a surprising feature, indeed.
If, on the other hand, Alice is measuring a right-handed circularly polarized state |R 1 then Bob will find his two photons in a separable state |R 2 ⊗ |R 3 or if Alice measures |L 1 Bob will get |L 2 ⊗ |L 3 (see Fig. 1 (b) ). Then the two photons of Bob contain individually an element of reality, which is more satisfactory for a realist. Thus by the specific kind of measurement, projecting on linearly or circularly polarized photons, Alice is able to switch on Bob's side the properties of the two photons-and their reality content-between entanglement and separability.
Even more puzzling becomes this feature when one thinks of entanglement of internal and external degrees of freedom which can also be experimentally achieved, e.g. with single neutrons propagating through an interferometer. In Ref. [26] experimenters proved that a GHZ-like state for single neutrons entangled in path-spin-energy can be produced where the same above considerations have to hold! How can we understand this switching phenomenon between entanglement and separability?
A quantum theorist can trace this switch back to two different factorizations of the tensor product of three algebras A 1 ⊗ A 2 ⊗ A 3 , where A 1 belongs to Alice and A 2 ⊗ A 3 to Bob. There is total democracy between the different factorizations [15, 16] , no partition has ontologically a superior status over any other one. For an experimentalist, however, a certain factorization is preferred and is clearly fixed by the set-up.
For bipartite states there exists the following theorem [15] , where ρ = | ψ ψ | denotes the corresponding density matrix of the quantum state |ψ : Theorem 1 (Factorization algebra). For any pure state ρ one can find a factorization M = A 1 ⊗ A 2 such that ρ is separable with respect to this factorization and another factorization M = B 1 ⊗ B 2 where ρ appears to be maximally entangled.
Example I: To illustrate Theorem 1 we consider the circularly polarized states {|R , |L } since we will need their transformations in Example II and in Sect. IV. Generally, we find the following structure for the unitary matrix U that transform separable states {|R ⊗ |R , |L ⊗ |L } into maximally entangled Bell states {|φ
where the unitary matrix U has the structure
The unitary matrix U ent transforms |H ⊗ |H or |V ⊗ |V into the Bell states |φ − and |ψ + , respectively, whereas the mixed tensor products |H ⊗ |V and |V ⊗ |H are eigenstates of U ent . The index BS stands for beam splitter and U phase is a phase transformation of π 2 in both interfering "beams". All unitary operators are explained and given explicitly in Sect. IV.
In case of GHZ states, which are defined on a tensor product of three algebras, an analogous theorem holds:
Theorem 2 (Factorization algebra). For any pure GHZ state ρ one can find a factorization M = A 1 ⊗ A 2 ⊗ A 3 such that ρ is separable with respect to this factorization and another factorization M = B 1 ⊗ B 2 ⊗ B 3 where ρ appears to be maximally entangled.
Example II: For the extended structure, the tensor product of three algebras, the following unitary matrix U exemplifies Theorem 2. The matrix U transforms, for example, the separable state |R 1 ⊗ |R 2 ⊗ |R 3 into the entangled state |GHZ1
with
Having found the structure of entangled entanglement, it is quite natural to ask if other GHZ states can be expressed in a similar way. Yes, it can be done, we can construct a complete orthonormal system (CONS). Recalling the geometry of qubits in 2 ⊗ 2, the tetrahedron of the Bell states [27] [28] [29] and its possible extensions to qudits and more particles [3] [4] [5] [6] [7] [8] , it is quite obvious how to proceed. We just have to entangle the geometrically opposite states |φ − and |ψ + or |φ + and |ψ − together with |H and |V and respect the symmetric and antisymmetric property respectively. In this way we immediately find an orthonormal basis of eight states
These eight states form the vertices of the magic simplex S in the corresponding eight dimensional Hilbert space of the tensor product 2 ⊗ 2 ⊗ 2 . It is the analogue to the tetrahedron of Bell states in 2 ⊗ 2 dimensions. The set S itself consists of the convex combinations of all the corresponding density matrices ρ GHZi ± Magic simplex of entangled entanglement: where
The convex combination (8) of the GHZ states builds up a simplex with the maximally mixed state and for the trace we have Trρ = 1 . Therefore ρ ∈ S is a valid density matrix.
On the other hand, we can show that the matrices outside the simplex S have to violate one of the above properties and therefore do not form density matrices of physical states. Therefore we have ensured that in the corresponding Hilbert-Schmidt space the valid density matrices are exactly represented by elements of the simplex S.
Example III: Let us illustrate above statements by considering the boundary of the simplex. For example, we choose density matrices on the following one-dimensional facet
Then the density matrix, a state on a ray from the maximally mixed to a state on the facet,
has eigenvalues .
Obviously all the eigenvalues are nonnegative for µ ≤ 1, but crossing the boundary of S by setting µ > 1 , we obtain negative eigenvalues since then 1−µ 8 is obviously negative, that is, the states are not any more physical (see Fig. 2 ).
All states of entangled entanglement (7) can certainly be re-expressed by tensor products of right handed |R and left handed |L circularly polarized photon states [30] 
Of course, via local unitary transformations the eight GHZ states (12) can be transformed into the corresponding states containing only linearly polarized |H and |V states.
The appeal and importance of the construction of the entangled entanglement is that this procedure can be easily generalized to construct the corresponding states of higher dimensions d and arbitrary number of particles n. Entangling the GHZ states (7) again with |H and |V we obtain the corresponding simplex in the 2 ⊗ 2 ⊗ 2 ⊗ 2 tensor space and so on. In this way we can construct all higher dimensional simplices of entangled entanglement states in a straightforward way just by entangling again the vertices of the simplex with |H and |V . Thus we find the magic simplex for any particle number. The extension to higher dimensional system is obtained by generalization of the Pauli matrices to the unitary Wely operators. The construction procedure, where the Weyl operators simplify the method, and the investigation of the geometry of these simplices, the regions of entanglement and separability, we are going to present in the following sections.
III. ENTANGLED ENTANGLEMENT: CONSTRUCTION OF GHZ STATES
Let us first investigate two-dimensional states, i.e. qubits. Without loss of generality we start with the following seed state
In our presentation we will use the convenient notation |0 and |1 of quantum information instead of |H and |V , since it can easily be generalized for the higher dimensional cases.
Using the following entanglement strategy -inspired by the construction in (7) -by applying Weyl transformations
for two particles of dimension d = 2, we obtain one of the Bell states
In the next iteration a GHZ-type state is obtained
Generally, for n particles of dimension d = 2, we obtain by entangled entanglement
A generalization for higher dimensions d is possible in a similar way
Having obtained an entangled entanglement state for dimension d and n particles, we construct -in every casethe d n − 1 remaining entangled entangled states by acting in one of the subsystems with all d 2 Weyl operators and in n − 2 subsystems with Weyl-operators W s,0 changing the phase, i.e.
and herewith we can construct our entangled entanglement simplex W d n for n-particles with dimension d:
Due to our construction the states can be written as: For all dimensions d and particle numbers n, the d n states
form an orthogonal system
Proof:
If k = k the Weyl transformation creates a different state moving |s to |s − (k − k ) and therefore the inner product is equal to zero. If on the other hand s i = s i or l = l , since W j−j ,0 is a diagonal matrix, the state does not change, but receives a new weight w
We need to sum up all matching terms from (22), terms showing the same "digit" respectively at the i-th place and collect the new weights. We therefore obtain for this sum if
Therefore the d n states form an orthogonal system. QED 
To change a certain GHZ state to another one within the square one needs to apply either a flip or phase operation in the last subsystem, whereas the phase operation W1,0 applied to the second subsystem moves a certain GHZ state to a GHZ state in the other square.
This general construction works for any number of particles n and any dimension d and reveals a particular geometry of the orthogonal basis of the GHZ-type of states. In Fig. 3 we have depicted the geometry of three qubits. We find squares which are obtained by applying the four different Weyl operators W 0,0 , W 0,1 , W 1,0 , W 1,1 to one subsystem (in our choice to the last subsystem) of one reference GHZ-type state (denoted by GHZ000). The two squares are connected via applying one Weyl operator to another subsystem. This geometric structure generalizes for higher dimensions in an obvious way, illustrated for three qutrits in Fig. 4 . We find three squares with each nine GHZ-type of states related by applying the nine Weyl operators to the last subsystem. To move from one square to another square one has to apply the phase shift operators in the second subsystem (as in the qubit case). Our construction shows that this straightforwardly generalizes for higher dimensions d and more particles n.
Having defined state spaces via the convex combination of these orthogonal bases with the above described geometry, our magic simplexes, we proceed by discussing firstly the two theorems introduced previously by interferometric tools. Secondly, the geometry of entanglement including genuine multi-partite entanglement of states within these simplexes is analyzed. An introduction to partial entanglement is given before. Let us remark here also that the generality of our construction and the definition of the simplex allows in a defined and conceptually clear way to compare different number of particles n and dimensions d.
IV. INTERFEROMETRIC ANALYZES OF THE TRANSFORMATION FROM SEPARABLE STATES INTO ENTANGLED STATES
In this section we want to explore the information theoretic content of Theorem 1 and Theorem 2. We review first a general two-state interferometer and how Bohr's complementarity can be quantified, then we apply these [31] or the Merry Go Round of the GHZ states. In our construction the GHZ states possess a cyclic property that allows to move from square to the next one like in the Carousel of the famous Viennese Prater [32] . The geometry for three qutrits is a generalization of the one for three qubits, i.e. Fig. 3 . Here we simplify the notation by |Φ
To change a certain GHZ state to another one within the square one needs to apply either a flip or phase operation in the third subsystem, whereas the phase operation W1,0 or W2,0 applied to the second subsystem moves a certain GHZ state form one square to a GHZ state in another square, yielding in this way the cyclic property in our construction of GHZ states. This can be extended straightforwardly to higher dimensions.
considerations to our entangled entangling unitary operators.
A. Interferometric Analyzes of Two-State Interfering Quantum Systems
Let us consider any two-state interfering system and analyze its information theoretic content [33, 34] . E.g. think about an interferometer, i.e. a beam splitted and afterwards merged again, inbetween a phase shift φ between the two paths is introduced. Prior to entering the interferometer our two level system is given by
where the Blochvector is given by #» n = T r{ #» σ ρ 0 } and the σ's are the usual Pauli matrices. The effect of the beam splitter (BS) and the beam merger (BM) can be described reasonably well by the operator
whereas the phase difference can be introduced in direction x by and after the beam merger (BM) a final state ρ f is obtained. Bohr's complementarity relation states the total information content stored in ρ0 is not changed, however, depending on initial state different a priori fringe visibilities are observed.
which gives
From that we obtain the probability to obtain + or − in z-direction, i.e. in the computational basis, by
and therefore the predictability can be defined by
Note that in case the second beam splitter acting as a merger is not applied, this is equivalent to the above case! A measurement in x-and y-direction gives
which defines the a priori fringe visibility
i.e. the fringe contrast (difference between maximum and minimum in the interference pattern). Obviously, we have
Equality holds for pure states (T r(ρ 2 0 ) = 1). This is Bohr's famous complementarity relation in a quantitative formulation, gaining more which way information ("particle property") reduces the interference contrast ("wave property"). For example, in Ref. [35] the authors showed that the tiny difference between a world and an antiworld, more precise the non-conservation of the parity-charge-conjugation symmetry, observed in the neutral K-meson systems shifts obtainable information about our reality, visibility and predictability, accordingly to Bohr's complementarity principle.
B. Interferometric Analyzes of the Transformation from Separable States into GHZ States
Before we analyze the information theoretic content analogously to the interferometric analyses given in the previous section we introduce a useful parametrization of unitary operators.
For any unitary operation U acting on a Hilbert space H = C d with d ≥ 2 spanned by the orthonormal basis {|1 , . . . , |d } there exist d
2 real values λ m,n with m, n ∈ {1, . . . , d} and λ m,n ∈ [0, 2π] for m ≥ n and λ m,n ∈ 0, π 2 for m < n such that any U ≡ U C with (this concise and intuitive parameterization was introduced in Ref. [36] ; it allows for example to derive analytically the Haar measure for unitary groups [37] )
The sequence of the product is defined by
Here, the P l are one-dimensional projectors
and σ m,n are the generalized anti-symmetric σ-matrices σ m,n = −i |m n| + i |n m| (39)
The parameter λ m,n can be gathered in a d × d "parameterization matrix "
where the diagonal entries λ n,n represent global phase transformations, the upper right entries λ m,n are related to rotations in the subspaces spanned by |n and |m , while the lower left entries λ n,m are relative phases in these subspaces (with respect to the basis {|1 , . . . , |d }).
Let us start with theorem 1 and the initial separable states |RR or |LL . We apply to both subsystems a beam splitter operation and then a phase shift of (41) onto the four interfering paths where only two should be nonzero. Next, applying the beam merger we turned the separable states |RR or |LL into the Bell states in the computational basis −|φ − , i|ψ + , whereas choosing |RL or |LR as initial states leads to separable output states. Choosing as initial states the basis states of the computational basis |00 , |11 , |01 , |10 leads to non-maximally entangled states. Indeed, the concurrence C, a measure of bipartite entanglement, equals (|0 ± |1 ). Consequently, we observe that the total entanglement, i.e. C = 2, is conserved by the unitary gate. Again the choice of the basis of the involved operators and states makes the physical difference of the revealed information content, Bohr's complementarity is at work! In our case the {R, L} basis concentrates entanglement to only two states! The same procedure extends to three particles (theorem 2), the entangling operator in this case is given straightforwardly by
In Fig. 6 we schematically draw the GHZ-interferometer. A measurement after the three beam splitter, phase shifter, entangling operator and then the three beam merger results in a three-particle entangled state, the GHZ-state. Removing one beam splitter or equivalently applying another beam splitter for one subsystem reveals the entangled entanglement structure. Compare also with Fig. 1 . Any initial state in the {R, L} basis that is not |RRR or |LLL leads to a separable state. Choosing as initial states any of the eight basis states in the computational basis {H, V } or in the basis {+45
• , −45
• } results in final states with equal entanglement content of each output state, however, which is not maximally entangled (e.g., detected via the later introduced criterion Q GHZ of the HMGH-framework (Huber, Mintert, Gabriel, Hiesmayr) [17] , Eq. (58); only GHZstates account for the maximal value Q GHZ = 1 whereas the results for the basis {H, V } equals to Q GHZ = 0.432541 for each basis state and for the basis {+45
• } equals to Q GHZ = 0.325194 for each basis state). Generally, we find that the above defined GHZ-interferometer concentrates only in one combination of three mutually bases genuine multi-partite entanglement whereas for all other basis choices entanglement is equally distributed among the output states, however, the absolute values of entanglement are different and not maximal. We can, of course, also consider input states of different basis choices, then we find separable and non-maximally entangled output states. Summing up, maximal genuine multi-partite entanglement is only generated if maximal visibility of each subsystem by the setup is guaranteed!
V. THE GEOMETRY OF PARTIAL SEPARABILITY & GENUINE MULTI-PARTITE ENTANGLEMENT IN THE MAGIC SIMPLEX
In Refs. [17, 38] , a universal framework for constructing very general separability criteria for quantum states living in finite and continuous Hilbert spaces [39] and for arbitrary number of particles was introduced, dubbed the HMGH-framework [17] . We want here to give a pedagogical introduction into partial separability, genuine multipartite entanglement and the HMGH-framework. In a next step we apply this HMGH-framework to our entangled entanglement classes of states. Herewith we obtain the geometric properties of different types of entangled entanglement. Moreover, our construction leading to the magic simplex allows us in a well defined way to compare different dimensions and number of particles.
A. Definition of Partial Separability & Genuine Multi-partite Entanglement
As is well-known the problem of determining whether an arbitrary quantum state is entangled or not (where in the latter case, the state is called separable), dubbed the Quantum Separability Problem, was proven to be NP-hard by Gurvits in 2003 [40] (N P . . . N on-deterministic, P olynomial-time hard problem in computational complexity theory; it is a class of problems that are, loosely spoken, at least as hard as the hardest problems in this set). This means that all existing entanglement criteria solve the problem of detecting and characterizing entanglement only for certain classes of states and, in addition, some of them are very resource intensive if applied experimentally. For example, to apply the well-known Peres-Horodecki criterion [41, 42] , i.e. operating with the partial transpose transformation on one subsystem, requires obviously the full information on the state, i.e. a full quantum state tomography in practice. The criteria of the HMGH-framework are formulated as inequalities for mean values of few observables and therefore they are especially useful to detect entanglement in experiments. Moreover, as we will show one can formulate them to detect different types of multi-partite entanglement.
For example, the HMGH-framework allowed the first experimental proof that single neutrons in an interferometric setup can be produced in a genuine multi-partite entangled state [26] , including the GHZ-type of genuine multi-partite entanglement. Here, the outer degrees of freedom, the path in the interferometer, and the inner degrees of freedom, i.e. spin and energy eigenstates, were considered. Another example concerns quantum cryptography. With the help of this HMGH-framework a simple proof is obtained to show how the special type of GHZ-state entanglement secures secret sharing protocols [43] . The main idea is to divide a secret into several shares and distribute these shares among several parties such that each party alone is not able to gain any information about the secret.
For bipartite entangled systems the quantum separability problem reduces to the question whether the state is entangled or not, however, in the multi-partite case the problem is more involved. First of all, there exist different hierarchies of entanglement since an n-partite entangled state ρ may be a convex combination of pure entangled states with maximally k entangled particles. For example, any tripartite pure qudit state can be written by
where k gives the number of partitions corresponding to the k-separability that we defined in detail later (see Eq. (45)). Here, we find already another interesting complication of the factorization since for k = 1 the state can be physically entangled in different ways, i.e.
Certainly, if Alice finds her particle to be in the state 0 in the case of the GHZ state Bob's and Charlie's particle are in a separable state, however, in case of the W state we find that Bob and Charlie share a maximally entangled state. Therefore, we would like to have in general a finer classification and detection tools to distinguish different types of k-separable states. Let us therefore exactly define k-separability. A pure state |Ψ k is called k-separable, if and only if (:= iff) it can be written as a tensor product of k factors |ψ i , each of which describes one or several subsystems:
A mixed state ρ is called k-separable, iff it can be decomposed into a mixture of k-separable pure states:
where all |Ψ k i are k-separable (possibly with respect to different k-partitions) and the p i form a probability distribution. An n-partite state (pure or mixed) is called fully separable iff it is n-separable. It is called genuinely multi-partite entangled (GME) iff it is not biseparable (2-separable). If neither of these is the case, the state is called partially entangled or partially separable. Note that obviously a k = 3 separable state is necessarily also k = 2 separable, thus k-separable states have a nested-convex structure.
In particular, note that the following tripartite mixed state
with p i , q i , r i ≥ 0 and p i + q i + r i = 1 is biseparable though it is not biseparable with respect to a certain splitting. This property and the fact that the convex sum of pure states is not unique are the reasons why it is so hard to detect genuine multi-partite entanglement, i.e. a state that cannot be written in the above form. Consequently, the entanglement characterization of multi-partite states needs more than the combination of bipartite entanglement criteria.
B. The HMGH-Framework to Detect k-Separability
Let us start the development of our criteria by considering pure states ψ and the Cauchy-Schwarz inequality
where we set the complex numbers equal to x = χ 1 |ψ and y = χ 2 |ψ such that the Cauchy-Schwarz inequality re-writes to
where we used ρ = |ψ ψ|. Further we want to define permutation operators acting on ρ ⊗ ρ such that a certain partition α of ρ is interchanged by its copy, e.g.
P α={1,2} |a 1 a 2 a 3 · · · a n ⊗ |a 1 a 2 a 3 · · · a n = |a 1 a 2 a 3 · · · a n ⊗ |a 1 a 2 a 3 · · · a n .
Now let us assume that the pure state is separable concerning a specific partition α = {12|345}, e.g., we choose the following five-partite state
Obviously, applying the permutation operator P {1,2} to ρ ⊗ ρ has to be a symmetry, i.e. the commutator vanishes
since the state under consideration is separable with respect to this permutation of the first and second particle between the original and copy state. Using this symmetry by replacing ρ ⊗2 by P † α={1,2} ρ ⊗2 P α={1,2} in the CauchySchwarz inequality (49), we obtain a necessary condition that has to hold for any state that is separable with respect to the chosen partition {12|345}. This means that if we find a violation of the inequality for any given state, we know it is not separable with respect to this chosen partition! Due to the convexity property of the Cauchy inequality this inequality holds also for all mixed states ρ. Obviously, it is a necessary but not sufficient criterion, however, as shown for various quantum systems of different dimension and number of particles it turns out to be a surprisingly powerful criterion (see e.g. Refs. [44] [45] [46] [47] [48] [49] [50] [51] ) and in some cases also equivalent to the lower bound of measures of genuine multi-partite entanglement [52] .
In case we want to have a criterion that is satisfied for any given k-separable state we simply have to sum over all permutation operators corresponding to all possible k-partitions. To obtain a concise formulation let us first introduce a total permutation operator P total which wholly permutes two arbitrary states |χ 1 , |χ 2 , i.e.
With the help of this operator we can re-write the right hand side of the Cauchy inequality by
Let us assume again our state is biseparable under the specific partition α = {α 1 |α 2 } = {12|345}, then the commutator with the P α1={1,2} but also with P α2={3,4,5} have to vanish. Thus for any such state we have
Straightforwardly we can extend the product for higher partial separability partitions k's. Consequently, for a given k we have to subtract from the off-diagonal term of ρ (given by equation (55) that follows from the r.h.s. of the Cauchy-Schwarz inequality (49)) the sum over all possible k-partitions which are products of all possibilities of the specific permutation α i . Thus the following criterion holds for all k-separable states ρ
C. The HMGH-Framework for Different Types of Genuine Multi-Partite Entanglement
Our next goal is to distinguish between different types of genuine multi-partite entangled states, e.g., between the GHZ-type and the W-type of entanglement for n qudits. Let us start with the GHZ-type of entanglement. The above inequality picks via |χ a certain off-diagonal element of the density matrix ρ and the sum corresponds to diagonal elements of the density matrix ρ. Thus for a given pure GHZ-state in the computational basis the maximum violation of the criterion is given if we choose for |χ 1 = |0 ⊗n and for |χ 2 = |1 ⊗n since in this case we pick out the only non-zero off-diagonal element 0| ⊗n ρ|1 ⊗n , i.e. we obtain from Eq.(56)
which has to hold for all bi-separable states where the sum runs over all bi-partitions γ = {A, B}. The permutation operators P γ A permute the two copies of all subsystems contained in the first part of γ. Let us consider as an example a general tripartite qubit state ρ, then we have the following permutations P γ A = {12, 3}, {2, 13}, {1, 23} and thus we obtain (we introduce here an arbitrary factor 2 in order to re-scale the function to be normalized for qubits)
Obviously, when the state ρ is a pure GHZ state given in the computational basis only the first term is nonzero. Since this off-diagonal term cannot be larger than given by the GHZ state this proves together with the fact that any non-zero diagonal element not equal 000|ρ|000 or 111|ρ|111 would only lower the value of the function Q GHZ that the maximum violation is obtained by the GHZ state. Let us make some remarks here concerning the optimal violation of the criterion with respect to a given state ρ. There are mainly two conditions that optimize the criteria: (a) if χ 1 |χ 2 = 0 is chosen and (b) if | χ 1 |ρ|χ 2 | is chosen to be maximal since it is the only positive element.
In other cases one may be interested to have a criterion that maximizes for other genuine multi-partite entangled states such as the W state or generally for Dicke states. In general such criteria Q Dicke have been introduced in Ref. [53] . In particular the criteria Q m Dicke,n assume their respective maximal values for the corresponding n-partite Dicke-state with m excitations
where the set of indices {β} corresponds to the respective subsystems of excitations and the sum is taken over all inequivalent sets {β} fulfilling |{β}| = m and |d β is the product state vector with |1 in all subsystems i ∈ β and |0 otherwise, i.e.
In the case of m = 1, these states are the W states.
These criteria are defined by
, where the first sum runs over all sets σ = {α, β} with α, β ⊂ {1, 2, ..., n} such that |α| = |β| = m and |α ∩ β| = (m − 1). The permutation operators P α permute all subsystems in α with their respective copies in the two-copies of ρ.
As an explicit example let us consider this criterion for a tripartite qubit state with one excitation
Dicke,3 (ρ) = 2Re{ 001|ρ|010 } + 2Re{ 001|ρ|100 } + 2Re{ 010|ρ|100 } − ( 001|ρ|001 + 010|ρ|010 + 100|ρ|100 +2 000|ρ|000 · 011|ρ|011 + 2 000|ρ|000 · 101|ρ|101 + 2 000|ρ|000 · 110|ρ|110 . (62) The positive terms are exactly the only non-zero off-diagonal terms of the W state in the computational basis, while the negative terms are only diagonal terms. Again these negative terms are all zero for the W state in the computational basis such that this state obtains the maximum value. Differently to the criterion optimized for GHZ-type of entanglement one has to subtract more terms from the diagonal elements of the density matrix. It is straightforward to see that the above Dicke-type criterion is zero for a GHZ-state given in the computational basis, however, optimization over the basis choices gives also a non-zero value for a general GHZ state. This basis dependence can be exploited to guarantee the security of secret sharing protocols as has been shown by the authors of Ref. [43] .
In general, one may be interested to investigate an a-priori detection probability of genuine multi-partite entanglement for these criteria if one does not have knowledge about the basis in which a state is produced by the source or how a channel decoheres it or about the very working of the detectors used. These questions were analyzed in Ref. [54] in details, where a measurement-device independence of the criteria based on the HMGH-framework was shown to be in most cases surprisingly high.
D. The Geometry of Entangled Entanglement in the Magic Simplex
In this section we want to discuss how the entanglement features, in particular the genuine multi-partite entanglement, changes when we mix certain GHZ states, i.e. the corner states of our simplex. We start by showing how the geometry of the genuine multi-partite entanglement is structured within the magic simplex of entangled entanglement for three particles and different dimensions and proceed then to higher number of particles.
Uncoloured noise mixed with one GHZ states
As a first example let us consider a three-particle GHZ state mixed with white/uncoloured noise
where we used the definition ρ Φ d n (s1,s2,...,k,l) := |Φ Obviously, the eigenvalues of this class of states σ noise cannot depend on the choice of the GHZ state. The same holds true if we apply a partial transpose operation to any of the three subsystems. The positivity condition, σ noise ≥ 0, and positivity under partial transposition condition, σ PT noise ≥ 0, leads to the constraints Positivity:
Positivity under partial transposition: . Now let us analyze the genuine multi-partite entanglement content for this class of states detected by the criterion Q GHZ (ρ). In the following we denote the criterion Q GHZ (ρ) by Q 0 to emphasize that the optimized separable state |χ is not necessarily in the computational basis. The only nonzero off-diagonal elements come from the contribution of GHZ state and in an optimal basis choice they correspond to |α| d . The only negative terms are due to the noise contribution, since we have for three particles three different partitions and each time two diagonal terms are multiplied (see Eq.(58)), thus the optimized value for Q 0 (for a given dimension d) is
This function is positive for all α > For any dimension d and number of particles n we straightforwardly obtain the result
Let us here also comment on the other criterion designed to detect W -type of genuine multi-partite entangled states, Eq.(62). If we apply this criterion to our noisy GHZ state σ noise one obtains in general a lower value. For example, for tripartite qubits only states with α > 0.6 are detected to be genuine multi-partite entangled. Consequently, this This corresponds to a triangle area in the α, β parameter space which can be considered as a slice through our the magic simplex and is visualized in Figs. 7 (a) -(e) for tripartite qubit and qutrit states. The geometrical properties due to the positivity do not change with dimension d nor as later shown with the number of particles n.
Here we compare the geometry of entanglement properties for (a) n = 3,
and (e) n = 5, d = 2 for the mixture of the unity and one GHZ states within the remaining square (i.e. d 2 − 1 states). We observe similar geometrical properties for different dimensions and number of particles. Increasing the dimension increases the parameter space of detected genuine multi-partite entanglement, whereas increasing the number of particles does not dramatically change the detected region.
The Peres-Horodecki criterion, i.e. the positivity with respect to the partial transposition in one subsystem is more involved, since it depends on the choice of the parameters. We therefore start with the case of qubits d = 2. Here we find two different types:
The first type is a mixture of GHZ states which belong to the same square and are phase flipped and shifted since then contribution of both states add in a single off-diagonal element. Both geometries are visualized in Figs. 7 (a) and (b). Our next question is:
These geometrical differences become also relevant for genuine multi-partite entanglement detected by Q 0
which shows that in higher dimensions the region of GHZ-type of genuine multi-partite entanglement depends on the chosen mixture of GHZ states since these functions are not equal. This reflects the fact that more degrees of freedom allow for more options concerning how entanglement manifests.
Mixing the totally mixed state Fig. 7 (c) ). These two states are marked by (red) crosses. GHZ states marked by big (red) circles are not within the square of GHZ000 and have a difference of one or two in the index between the flip and the phase operation in the second and third subsystems, respectively. They possess a different geometry (Type III, see Fig. 7 (e)) than all the other possible mixtures (Type II, see Fig. 7 (d) ).
Entanglement properties in one square
The real beauty of the magic simplex is that it allows us also to compare the geometry in a well defined way for different dimensions and number of particles. Now we will consider the mixture of the unity with one GHZ state and all the remaining ones in the same square, i.e. d 2 − 1 other GHZ states, i.e.
where α k,l equals α for k = l = 0 else β. The geometry is presented in Fig. 9 . We observe that the region of generally entangled states increases with both the dimension d and the number of particles n, however, the detection region of genuine multi-partite entangled states increases considerably with the dimension d, but not so much with the number of particles n.
VI. CONCLUSIONS
GHZ-type of entangled states are from their physics content fundamentally different to other (genuine) multi-partite entangled states. They allow for example for secrete sharing protocols that would not work out for other genuine entangled states.
Furthermore, the naive concept of reality, that the three particles of the GHZ state always have well-defined local properties, fails promptly for such multi-partite entangled systems. Remarkably, depending on Alice's choice of measurement (projecting on linearly or circularly polarized photons in line 1) the reality content of the two photons in lines 2 and 3 on Bob's side switches. According to EPR we can attribute an element of reality to the entangled Bell state on Bob's side but not to each individual photon separately. This switching phenomenon between entanglement and separability can be traced back to different factorizations of the tensor product of algebras of the three particles (or Hilbert spaces). For the transformation from separable into entangled states we derive a physical interpretation in terms of an interferometric device, see Fig. 5 and Fig. 6 .
The main result is a systematic construction method to build-up an orthonormal basis of GHZ states -the magic simplex of entangled entanglement -by using simple unitary operations with a cyclic property, so-called Weyl operators. This construction, applicable for any number of particles and degrees of freedom, reveals an interesting cyclic geometric structure when applying flip or phase operations in a subsystem, which is depicted in Fig. 3 for qubits and in Fig. 4 for qutrits.
After introducing the concept of genuine multi-partite entanglement and the HMGH-framework in detail we consider particular convex combinations of GHZ states and analyze geometrically its entanglement properties. We find that the genuine multi-partite property strongly depends on the choice of mixture of GHZ states such as entanglement detected by the Peres-Horodecki criterion. This is, at the first sight, unexpected since all GHZ states differ only by one local operation and genuine multi-partite entanglement involves all degrees of freedom. It is certainly of importance for experiments since experimenters need to have knowledge about the local operations to control the final output state. These properties are the key ingredients to be exploited for any quantum algorithm or any quantum cryptography protocol. In Fig. 7 the geometry of qubit and qutrit case for three particles is plotted and in Fig. 9 the geometry of different numbers of qubits and qutrits are compared. This shows explicitly the advantage of the magic simplexes since they allow for a defined and conceptually clear way to compare state spaces of different dimensions and number of particles.
The next step would be to exploit the revealed geometry of different mixtures of GHZ-states for quantum information theoretic applications.
